Si costruiscono calotte di cardinalit a O( 5 2 q 2 ) negli spazi di Galois PG(4; q) 4-dimensionali per ogni q dispari.
AMS classi cation 51E22,94B05.
Introduction
A cap in PG(k ? 1; q) is a set of points no three of which are collinear. If we write the n points as columns of a matrix we obtain a (k; n)-matrix such that every set of three columns is linearly independent, hence the generator matrix of a linear orthogonal array of strength 3. This is a check matrix of a linear code with minimum distance 4: It follows that a set of n points in PG(k ? 1; q); which form a cap, is equivalent to a q-ary linear code n; n ? k; 4] q : Denote by m 2 (k; q) the maximum cardinality of a cap in PG(k; q): In the binary case this is a trivial problem. In fact, choosing all nonzero k-tuples as columns we obtain a binary (k; 2 We can and will assume q > 2 in the sequel. For dimensions 3 there is no problem. Trivially m 2 (1; q) = 2: It is an easy exercise to show that the solution of the homogeneous equation Z 2 = XY form a set of q + 1 points in PG(2; q) no three of which are collinear. This is maximal if q is odd. If q is a power of 2, then each such oval on q + 1 points may be embedded in a hyperoval of q + 2 points. In other words m 2 (2; q) = q + 1 if q is odd q + 2 if q is even. In projective dimension 3 the situation is just as clear: m 2 (3; q) = q 2 + 1 if q > 2:
(q 2 + 1)-caps in PG(3; q) are known as ovoids. Just as in dimension 2 they may be constructed as elliptic quadrics. We study large caps in dimension 4. In 1] we improved on a construction of Tallini's and constructed (q 2 + q + 9)-caps in PG(4; q) for all q = 2 f > 4: In this paper we construct large caps in PG(4; q) in odd characteristic. Segre claimed in 4] to have constructed caps of size (5q 2 ? 2q + 1)=2 in PG(4; q) whenever q = p f ; where the prime p 7(mod 8) and the exponent f is odd. It appears that Segre's construction is not quite correct as it is stated in 4]. However, his method does produce large caps. We start from a version of Segre's construction, which works for all odd q: This is done in Section 2 for q 3(mod 4); in Section 3 for q 1(mod 4): Denote the resulting caps by C q PG(4; q): We proceed to show that there is a plane E meeting C q in 4 points and a conic section A E such that A \ C q = ; and C q = (C q n E) A is a cap. It is clear that C q has q ? 3 points more than C q : This construction is carried through in Section 4 for q 3(mod 4) and in Section 5 for q 1(mod 4): The proof in case q 1(mod 4) uses a technical Lemma (Lemma 1). In Section 6 we give a proof of this Lemma. It is based on the Hasse-Weil bound for the number of rational points for algebraic curves. Our main result is as follows: Theorem 1 Let q be an odd prime-power.Then PG(4; q) contains a cap C q of the following cardinality:
(5q 2 We use homogeneous coordinates for PG(4; q): A typical point will be written as x = (x 1 : x 2 : x 3 : x 4 : x 5 ): Denote by e i the vector which has x i = 1; x j = 0 for j 6 = i: We wish to thank Prof. A.Brandis for a helpful discussion. 2 The construction in case q 3(mod 4) Consider the hyperplanes H 1 = (x 3 = 0); H 2 = (x 4 = 0) and H 3 = (x 5 = 0): The quadrics Q i ; i = 1; 2; 3 are given by the following: Q 1 (x) = x 2 1 + x 2 2 ? x 2 4 + x 2 5 Q 2 (x) = x 2 1 + x 2 2 + x 2 3 ? x 2 5 Q 3 (x) = x 2 1 + x 2 2 + 2x 2 3 ? 2x 2 4 Observe that the bilinear form (scalar product) corresponding to Q 1 is (x; y) 1 As -1 is a nonsquare we obtain x 1 = y 1 and x 2 = y 2 :
The relation Q 1 (x) ? Q 2 (y) = 0 reads as follows:
We have that V (Q i ) \ H i \ H j is an oval whenever i 6 = j: Moreover these 6 ovals are mutually disjoint. We see that U i = (V (Q i ) \H i ) n(H j H k ) has q 2 + 1 ? 2(q + 1) = q 2 ? 2q ? 1 elements whenever fi;j;kg = f1;2;3g:
Put Q(z 3 ; z 4 The third case P 1 2 U 2 n E; P 2 2 U 2 n E is obtained from the second case by the involutorial automorphism, which interchanges the third and fourth coordinates. In order to complete the proof in this case it su ces to show that we can always nd a nonzero square a 2 IF q such that 2a + 1 is a nonzero square.
If the characteristic is not 3 we can choose a = 4: Let the characteristic be 3, q > 3: Let a 6 = 1 be a square. We have 2a + 1 = 1 ? a 6 = 0: If 1 ? a is a square we are done. Assume 1 ? a is a nonsquare. Put a 0 = 1=a: Then 1 ? a 0 = (a ? 1)=a is a square and we are done. 5 The extension in case q 1(mod 4)
We will assume q > 9 in this section. Cases q = 5 and q = 9 will be dealt with in Section 7. Consider the plane E = (x 1 = x 2 = 0) and the conic section A = V (Q 4 ) E; where Q 4 (x) = x 2 3 + x 2 4 + bx 2 5 + 2cx 3 x 4 :
Here the nonzero elements b; c are chosen such that c is a square, 1 ? c 2 is a nonsquare, b = (1 c)=2 is a nonsquare. The proof that such a choice is possible for q > 9 is in Section 6. C q \ E consists of the four points (0 : 0 : 0 : 1 : i) and (0 : 0 : 1 : 0 : i); where i denotes an element of order 4. We have to prove that C q = (C q n E) A is a cap. As before it su ces to prove that there is no line l containing a point W =< w >= (0 : 0 : w 3 : w 4 : w 5 ) 2 A and two points P 1 ; P 2 of C q nE: As in the preceding section we have to consider two essentially di erent cases.
The rst case P 1 =< x >2 U 1 n E; P 2 =< y >2 U 2 n E: We have The Hasse-Weil inequality shows N q+1+2 p q (see 6], for example). We have 2q ? 3 q + 1 + 2 p q; equivalently q 4 + 2 p q; which is not true for q 13:
It may be noted that the statement of Lemma 1 is indeed not true for q = 5 and q = 9:
7 Small elds The method of Section 5 works for q = 5 and for q = 9 as well. The only change is that the constants b; c in the de nition of the quadratic form Q 4 have to be chosen in a di erent way. As the case q = 5 is not very interesting we leave it for the reader to check that the choice b = c = 1 leads to the desired result. We work out case q = 9: Represent IF 9 in the form IF 9 = IF 3 
